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What is this talk about

Aperiodicity is a well-studied property of semigroups.

This property corresponds nicely to a class of regular string languages.

The concept can be extended to tree automata (to tree languages)
several ways. One possible extension was introduced by Thomas.

In this talk we give several other possible definitions of aperiodicity of
tree automata, compare them and study them from the algebraic
point of view.
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Aperiodicity of semigroups

Definition

A semigroup S = (S , ·) is said to be aperiodic iff there exists some n > 0
such that xn = xn+1 holds for any x ∈ S .

Definition

A finite automaton is aperiodic iff its translation semigroup is aperiodic.

Aperiodicity nicely corresponds to logical definability in the string case:

Theorem (Kamp, ’68; McNaughton-Papert, ’71)

The following are equivalent for any string language L:

L is a regular language with an aperiodic minimal automaton;

L is definable in first order logic using the order relation over positions;

L is definable in the temporal logic LTL.
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Our trees

We will introduce several aperiodicity concepts for finite, ranked, ordered
trees with variables:

Definitions

A rank type R is a finite set of nonnegative integers.

Σ: finite ranked alphabet of rank type R.

Xn = {x1, . . . , xn}: variables (assumed to be disjoint from any Σ).

TΣ(Xn): finite terms (trees) over Σ with variables from Xn allowed.

Trees of TΣ(X1) that have exactly one occurrence of x1 are called
contexts.

A tree that is not a variable is called proper.
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Tree automata

Definitions

Let Σ be an alphabet of rank type R.

A tree automaton A = (A,Σ) – where A is a finite state set –
associates a function σA : An → A for each function symbol σ ∈ Σn.

Each term t ∈ TΣ(Xn) induces a term function tA : An → A.

Term functions that can be induced by some proper term are called
proper term functions.
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Aperiodicity in Tree Automata (Thomas)

For any tree automaton A = (A,Σ) we can associate a semigroup C (A) as
follows:

C (A) consists of the term functions of A that can be induced by
proper contexts;

product is function composition.

Definition (Thomas, ’82)

A tree automaton A is said to be aperiodic iff C (A) is an aperiodic
semigroup.

We will denote the class of all aperiodic finite tree automata CAper.
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More restrictive variants of aperiodicity

It seems that the branching structure of trees cannot be captured using
only contexts. It may worth studying more restrictive variants of
aperiodicity, via a broader class of allowed terms.

However, when t /∈ TΣ(X1), the induced term function is not a
transformation.
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Tupling terms

Definitions

If A = (A,Σ) is a tree automaton, n > 0 is an integer and
t1, . . . , tn ∈ TΣ(Xn) are terms with (at most) n variables, then the
tuple t = (t1, . . . , tn) induces a term function tA : An → An as
follows: for any n-tuple of states a = (a1, . . . , an) let

tA(a) = (tA
1 (a), . . . , tA

n (a)).

A tuple of terms is proper if each member of the tuple is a proper
term.

Term functions that can be induced by some proper tuple of terms are
also called proper.
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The Sn(A) semigroups

Definition

Let A = (A,Σ) be a tree automaton and n > 0 be an integer. The
semigroup Sn(A) is defined as follows:

the elements of Sn(A) are the proper term functions from An to An;

product is function composition.

Definition

A tree automaton A = (A,Σ) is called n-aperiodic iff Sn(A) is an aperiodic
semigroup.

The class of all n-aperiodic finite tree automata is denoted SApern.

Definition

A tree automaton A = (A,Σ) is called strongly aperiodic iff it is
n-aperiodic for all n > 0. The corresponding class is denoted SAper.
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Studied aspects

We have studied the following:

the hierarchy of the above defined aperiodicity concepts;

algebraic properties of the classes;

complexity of the membership problem at each level of the hierarchy;

connection to logics;

a variant of n-aperiodicity has also been introduced and described.
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The hierarchy of the classes

Proposition

Strong aperiodicity implies n-aperiodicity for any n > 0.

n-aperiodicity implies k-aperiodicity for any n ≥ k > 0.

1-aperiodicity implies aperiodicity.

Hence, we can talk about the aperiodicity hierarchy: we have that

SAper ⊆ · · · ⊆ SAper2 ⊆ SAper1 ⊆ CAper.

Theorem

For any nonclassical rank type R it holds that the above hierarchy is
proper.
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Algebraic properties

Theorem

Each member of the aperiodicity hierarchy is a generalized cascade variety:
closed under

renamings;

taking subautomata and homomorphic images;

taking generalized cascade products.

Renaming

The tree automaton B = (B,∆) is a renaming of A = (A,Σ) if A = B and
for each δ ∈ ∆n there exists a σ ∈ Σn such that δB = σA holds.

Note that a renaming is not neccessarily reversible: it cannot introduce
new function interpretations but can erase some of them.
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Generalized cascade product

Definition

Suppose A = (A,Σ) and B = (B,∆) are tree automata and
α = {αn : n ∈ R} is a family of functions such that each αn maps each
element of An × Σn to some proper n-ary term over ∆.

Then the generalized cascade product C = A×α B is the Σ-tree
automaton with carrier set A× B and where the function symbols are
interpreted as follows:

σC(
(a1, b1), . . . , (an, bn)

)
=

(
σA(a1, . . . , an), t

B(b1, . . . , bn)
)
,

where t = αn(a1, . . . , an, σ).
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Complexity of membership

Theorem (Cho-Huynh, ’91)

Deciding aperiodicity of string automata is a PSPACE-complete problem.

A logspace reduction is possible from the string case to any nonclassical
rank type R and integer n > 0.

Theorem

For any nonclassical rank type R and integer n > 0 it holds that the
membership problem of the class SApern of finite tree automata is
PSPACE-hard and contained in EXPTIME.

Theorem

For any rank type R it holds that the membership problem of the class
SAper of finite tree automata is contained in P.
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Correspondence to logic

Theorem

The class CTL is a strict subclass of SAper1.

Theorem

There exists a tree language definable in FO(<) that is not 1-aperiodic.

Theorem

There exists a 1-aperiodic regular tree language that is not definable in
FO(<,Si ).
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The polynomial variant

We could also talk about proper polynomial functions instead of proper
term functions (i.e. having all the constants even if there is no constant
symbol at all).

The corresponding classes are denoted SAper
(p)
n and SAper(p).

Our results carry over to this polynomial variant, with one difference:

Theorem

Taking polynomial functions instead of term functions, the corresponding
hierarchy of classes of finite tree automata collapses to level 2:

D = SAper(p) = SAper
(p)
2 ( SAper

(p)
1 ( SAper1.

(Here D denotes the class of all definite automata.)
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Open problems

Give an algebraic characterization (or a decidability result) of the
logics CTL, FO(<) and FO(<,Si ).

for FO(Si ) it has been done by Benedikt and Segoufin.

Describe the exact complexity of the membership problem of the
classes SApern.



Open problems

Give an algebraic characterization (or a decidability result) of the
logics CTL, FO(<) and FO(<,Si ).

for FO(Si ) it has been done by Benedikt and Segoufin.

Describe the exact complexity of the membership problem of the
classes SApern.



Open problems

Give an algebraic characterization (or a decidability result) of the
logics CTL, FO(<) and FO(<,Si ).

for FO(Si ) it has been done by Benedikt and Segoufin.

Describe the exact complexity of the membership problem of the
classes SApern.



Thank you.

Thank You.
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